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Abstract

Lecture notes on behaviour of plurisubharmonic functions near
their —oo-points. CIMPA School in Sénégal, 20/11/2017 —2/12/2017.

A model example of a plurisubharmonic (psh) function is u = log | f| for a
holomorphic mapping f, and the behaviour of the mapping f near its zero set
Z corresponds to the behaviour of general psh functions u near the points
where u = —oo (points of their singularities).

Considered as distributions, the functions log |f| serve as potentials for
the sets Z;. In the simplest case when f is a holomorphic function, the tran-
sition f — Z; can be achieved by applying the Laplace operator to log|f],
which gives a measure supported by Z; with density equal to the multiplic-
ity of the function along the corresponding component of its zero set. Next
step is considering this as the integration current [Z;] (with the multiplicities
taken into account). The approach works in the general situation as well.
In 1957, Pierre Lelong proved that the trace measure of any closed positive
current has density at every point of its support. The main objects of his
study were integration currents over analytic varieties; ten years later, the
densities for this case were shown to coincide with the multiplicities of the
varieties, and since then they have got the name Lelong numbers | |. The
notion has turned out to be of great importance. In particular, it provides
a powerful link between analytic and geometric objects of modern complex
analysis. See Lelong’s view of the subject in | I, [ |; a collection of
his relevant papers is presented in | .

Further developments in the field rest mainly on technique of Monge-
Ampere operators, the key contribution being made by Demailly, see | ].
Among various applications we mention those to algebraic geometry and
number theory.



The lectures gives an introduction to central topics of the theory of sin-
gularities of psh functions (psh singularities, for brief), by which we mean
behavior of the functions/currents near their singularity points rather than
the behavior of the singularity sets themselves (although the latter will nec-
essarily come into the picture). We are mainly concerned here with various
characteristics of the singularities, such as Lelong numbers and their general-
izations (in particular, to those for positive closed currents), local indicators,

log canonical thresholds, and relations between them.

Basic notions on psh functions and positive currents are assumed; the
reader can consult [B93], [BILN1], [BILN2], [GuZel7], [HO4], [K00a], [K191],

[Ko98], [Le69)], [LeGr86).
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1 Lelong numbers for psh functions

Here we introduce Lelong numbers for psh functions and describe its elemen-
tary properties. Sections 1.1 — 1.4 contain standard facts that can be found,
for example, in [ 1,1 ], [H94], [ |l |; for Sections 1.5
and 1.6, see [[<91] and | ], respectively.

1.1 Psh functions

Since we will be mostly considering a local situation, we restrict ourselves
to functions on domains of C". Throughout the exposition, {2 is a bounded
domain in C", and w is a plurisubharmonic (psh) function in 2, i.e., an
upper semicontinuous function whose restriction to each complex line L is
subharmonic in Q N L. The class of all psh functions in 2 is denoted by
PSH(S2). Any psh function is locally integrable, and the topology of PSH({2)
is generated by L; -convergence (equivalently, by the weak convergence on
compactly supported, continuous — or smooth — functions) .



Denotation 1.1.1 For any r > 0 and p € N, we set:
B,.(z) ={x € C": |z| <r}, S;(x) = 0B,(x), B, :=B,(0), S, := 5,(0);
7, = 7P /p! is the 2p-volume of the unit ball in C?;
wy, = 21?7 /(p — 1)! is the (2p — 1)-volume of the unit sphere in C?;
dS is the Lebesgue measure on smooth real hypersurfaces in C".

1.2 Definition of Lelong number and elementary prop-
erties

Denotation 1.2.1 Given v € PSH(Q2), x € Q, and t < logdist (z,052),
denote
A(u,z,t) = sup{u(z) : z € Bt (2)},

which is the same as the maximum of v on S.:, and
Mu, x,t) = w, ! / u(r + ze") dS(z).
S1

Some standard facts of theory of psh functions:

Proposition 1.2.2 Let u € PSH(Q). Then

(i) with t fized, the functions x — A(u,x,t) and x — A u,x,t) are contin-
wous and psh in x;

(11) with x fized, the functions t — A(u,z,t) and t — A(u,x,t) are convex
and increasing in t;

(11i) u(z) < Mu,z,t) < A(u, z,t).

Since psh functions are locally integrable, it is possible to apply the ma-
chinery of differential operators. Let

be the Laplace operator, then Aw is a positive measure (which is, up to a
constant factor, the Riesz measure of u considered as a subharmonic function

in R?"). Denote
1
ou(z, 1) = —/ Au.
2m B, (z)



Proposition 1.2.3

ou(w,7)  OA(u,x,logr)

= 1.2.1
Tp_172n—2 dlogr ’ ( )

0/0logr being understood as the left derivative.

Proof. Green’s formula. O

Definition 1.2.4 Since A(u,x,t) is convex and increasing, the right-hand
side of (1.2.1) is increasing in r and so is its left-hand side, hence there exists

the limit

ou(z,T)

v(u,x) := lim (1.2.2)

r=0 T,,_qr2n—2’

the Lelong number of u at x.

In other words, the Lelong number of w is the (2n—2)-dimensional density
of its Riesz measure at x. When n = 1, it is precisely the mass charged by
the Riesz measure of u at x.

More elementary representations of v(u, ) are in terms of the asymptotic
behaviour of u near z — namely, as the slope of the convex functions A(u, x, t)
and A(u,x,t) at —oco. To this end, we need a simple fact (repeatedly used in
the future):

Lemma 1.2.5 (slope lemma) If g(t) is an increasing convex function on an
interval I C R, then the ratio

t) —gl(t
o) —olt) , _;

t— 1y
mcreases in t.
Proof. Direct calculation. O
Theorem 1.2.6 For any psh function u,

A t A t
v(u,x) = lim M: lim (u,2,1) (1.2.3)
t——o0 t t——o0 t



Proof. (1.2.1), (1.2.2), slope lemma, and Harnack’s inequality. O

Note that u(z) = —oo does not imply v(u,z) > 0. This happens if and
only if the behavior of u(z) near z is controlled by log|z — x|:

Corollary 1.2.7

v(u,x) = liminf ul2)

m i m =sup{r > 0:u(z) <vlog|z—z|+O(1), z = x}.

Furthermore, for any subdomain € CC Q containing x there exists a con-
stant C' such that

u(z) <v(u,z)loglz —z|+C, 2. (1.2.4)

Proof. The first line is just a reformulation of (1.2.3). To prove the second
statement, let x = 0. By the scaling z — tz, t > 0, one can assume B; C (V.
Choose C' > 0 such that u(z) < C' on 9€2'. Then for any € > 0 one can find a
neighborhood w of z where u < v’ := (v(u,0) — €) log|z|; in particular, this
is true on dw. Thus we have u — C' < o' on 99", where Q" := Q' \ @. Since
the function u' is a mazimal psh function' on the open set Q”, this implies
u—C < u on Q" and thus on the whole €', which in view of the abtrary
choice of € gives us (1.2.4). O

The two representations in Theorem 1.2.6 imply nice properties of the Le-
long number as a functional on psh singularities. Denote PSH, the collection
of all psh functions (germs) at the point z.

Corollary 1.2.8 Let ug be a finite collections of psh functions u,, € PSH,.

Then
v (Z uk,x> = Zl/(uk,x)

k

and
v <max uk,x> = min v(ug, ).
k k

Recall that u € PSH(D) is mazimal on D if for any D’ CC D the condition v < u on
D\ D’ for v € PSH(D) implies v < u on the whole D.



More difficult results are upper semicontinuity of v(u, z) as a function of
x and its invariance with respect to the choice of coordinates; we will prove
this later as consequences of more general statements for generalized Lelong
numbers of currents with respect to psh weights.

Even more complicated is the celebrated Siu’s analyticity theorem.

Definition 1.2.9 For v € PSH(Q2), denote
E(u)={z€Q: v(u,z) >c}, c¢>0,

the upperlevel sets for the Lelong numbers.

Theorem 1.2.10 (Siu) E.(T) is an analytic variety in €.

We postpone its proof until we get ready.

1.3 Examples
The following can be easily derived from Theorem 1.2.6.
(a) If u(z) = log |z|, then v(u,0) = 1.

(b) Let u(z) = log|f(2)| and f : 2 — C be a holomorphic function,
f(z) = 0. Then v(u,z) = m, the multiplicity (vanishing order) of f at x
(the least degree of a monomial in the Taylor expansion of f near x).

() If f = (f1,...,fn) : © = C¥ is a holomorphic mapping, f(z) = 0,
and u(z) =log|f(z)| = 2 log >, | fx|?, then

v(u,x) = mlgn M,

where my, are the multiplicities of the zeros of the components f; of the
mapping f at x.

1.4 Lelong numbers of slices and pull-backs

Fix x € Q. Given y € C", let L be the complex line through = and y, and
let u, be the restriction of u to Q;, = QN L (the slice of u on L):

uy (€)== u(x + Cy) € SH(Qy). (1.4.5)



Theorem 1.4.1 v(u,,0) > v(u,z) for ally € C*, and v(u,,0) = v(u,x) for
all y outside a pluripolar subset A of C".

Proof. The first statement is evident in view of (1.2.3). To prove the second

one, assume u(x) = —oo and consider the family of functions
u(z + Cy)
uy) = ———=—,
) log ]

psh in y and negative on any ball B, for 0 < |(| < J, < 1. Therefore, the
upper semicontinuous regularization v*(y) of the function

v(y) = limsup uc(y)
¢—0

is a negative psh function on C" and thus a constant, v*(y) = C. To find
the constant C, note first that v(y) = —v(v,,0) < —v(u,z) for all y # 0.
Furthermore, since

viu,z) = w;l/S v(uy,0)dS(y), (1.4.6)

we get C' = —v(u,x). Finally, as is known, the set {y : v(y) < v*(y)} is
pluripolar? in C". U

Let now f be a holomorphic mapping ' — Q with f(z') = z, and f*u
be the pull-back of a function u € PSH (), that is, (f*u)(z) = u(f(2)).
It is easy to see that

v(f*u,2") > v(u, ).
A (non-elementary) relation in the opposite direction is given by

Theorem 1.4.2 [199], | | If f(U) has non-empty interior for every
neighbourhood U of x', then there exists a constant C, independent of u,
such that v(f*u,x’) < Cv(u,x) for any function u plurisubharmonic in a
neighbourhood of x. No such bound is possible if f(U) has no interior points
for some neighbourhood U of x’.

2A set E C Q is prulipolar if there exists v € PSH(2), v # —o0, such that v|p = —oo0.



1.5 Directional Lelong numbers

More detailed information on behavior of a psh function near its singularity
point can be obtained by comparing it with convex functions in R™ (rather
than with convex functions on R).

Denotation 1.5.1 Given z € Q and vector a = (ay,...,a,) € R™, one
considers the polydisk characteristics

Mu, z,a) = (27r)"/ u(zy, + ™) do,

[0,27]™
Alu,z,a) :=sup{u(z) : z € Ty(x)},

where
To(x) ={z: |z — x| = €™, 1 < k < n}.

Similarly to A(u, z,t) and A(u, z,t) with t € R, these functions are convex
in @ and increasing in each ay,

u(z) < Mu,z,a) < Alu, z,a),

and \(u, z,a), Au,z,a) = u(z) as ay — —oo, 1 < k < n. This justifies

Definition 1.5.2 [I<87], [IK94] Given a positive vector a € R’;, there exist
the limits
A t A t
lim Mu,z,ta) = lim Alw,z,ta) =:v(u,z,a), a€RY, (1.5.7)
t——00 t——o0 t

and the value v(u, z, a) is called the directional (or Kiselman’s) Lelong number
in the direction a.

Proposition 1.5.3 Let 1 =(1,...,1), then v(u,z) = v(u,z,1).

Proof. A(u,z,t) < Au, z,t1) < A(u, z,t + 1 logn). O

Example 1.5.4 Let u(z) =log |f(2)| with f € O,. In a neighborhood of =,

FE) =D clz—n), e #0,

Jew:n



where w, C Z” . Then
v(u,z,a) =inf{(a,J) : J € w,}. (1.5.8)

Indeed, denote the right hand side of (1.5.8) by I. Then

Au,z,ta) = sup log Z cyexpl(ta, J) + (0, J)]
0€[0,2]" JCws
= I+ sup log Z cyexpl(ta, J) — I + (0, J)]
4 JEwo

and therefore, t A (u,0,ta) — I as t — —oo.

1.6 Local indicators

The notion of local indicator was introduced in | |. Let u € PSH,. We
consider the directional Lelong numbers v(u,z,a) at the x as functions of
a € R, and we transform them to functions in the unit polydisk D":

Definition 1.6.1 The function
Uu(s) := —v(u,x,—s), s € R,
is non-positive, convex in s and increasing in each s, so
U,.(2) :=v,(log |z1], ..., log |zn])

is pshin D7 :={z:0 < |z| < 1, 1 <k < n} and thus extends to a (unique)
psh function in the unit polydisk D", the local indicator of u at x.

When x = 0, we write it simply ¥,.

It is easily checked that the function ), is positive homogeneous,

Pu(cs) = cihy(s) Ve>0, seRE (1.6.9)

Proposition 1.6.2 The indicator V,, is a maximal psh function on D7.

10



Proof. Let y € D" have coordinates e # 0. Consider the holomorphic
curve A : w — Iy € C" on a small neighborhood w of 1 € C, such that
A (Q) = riew’c. The function A\*W, € SH(w) depends only on Re ¢ and
satisfies A*U,(c() = c¢A*V,(¢) for all ¢ > 0. It is then linear and thus
harmonic on w. This implies, since A(1) = y, maximality of ¥, on D?. [

Note that ¥y, = W¥,, which means that ¥, has the same directional
Lelong numbers as the function w.

The following bound is a refinement of u(z) < v(u,0)log|z| + C.
Theorem 1.6.3 For any function u € PSHy,
u< V¥, +C (1.6.10)
near the origin. More generally, any v € PSH, satisfies
w(z) < Wy(z—2)+C
near x.

Proof. By the slope lemma, for any s € R” and t < ty < 0, we have

A(u, 0, —ts) — A(u, 0, —tgs)
t— 1

Z _wu(3)>
which implies (1.6.10). O
Examples 1.6.4 1) For u(z) =log|z|, V,(z) = sup,, log |z|.
2) The functions
wa(2) = mkaxagllog |zkl, ar >0, (1.6.11)
are their own indicators.
3) Let u=1log|f|, f:Q — C™, consider the set

o’ f;
0z’

wo=1{J €2 : Z (0)’ #0}. (1.6.12)

J

As follows from (1.5.8), ¥,,(2) = sup {log |27| : J € wp}.

11



2 Lelong numbers for positive closed currents

Up to this moment, we developed an approach to Lelong numbers based on
asymptotic properties of psh functions. More information can be obtained
by considering them as densities of the Riesz measures. To do this, the mea-
sures should be viewed as the trace measures of the corresponding positive
closed currents of degree (1,1). This approach can be extended to currents
of higher degrees. One of the motivations for such an extension is as follows.
When u = log|f| and f : Q@ — C, the Lelong number of u at a point z is
just the multiplicity of the zero of f at z, while the multiplicities of holomor-
phic mappings can be characterized as Lelong numbers of currents of higher
degrees.

So we pass to Lelong numbers for positive closed currents, starting with
recalling some basic notions of the theory of currents. The subject of Sections
2.1 2.4 is treated, e.g., in | N ], [H94], [ L 1 ],
[ ]. Sections 2.5 — 2.8 are taken mainly from [D93] (which is actually
Chapter III of | ]). More information on Lelong numbers of the currents
will be presented later on.

2.1 Positive closed currents

Here are some denotations and basics concerning positive closed currents.

Denotation 2.1.1 Let Q2 € C" and p,q < n.

D(Q2) = C§°(R) is the space of smooth functions compactly supported in €.
D, ,(£2) is the space of smooth compactly supported differential forms ¢ of
bidegree (p, q) on €:

¢ = Z Grydzy NdzZy,  ¢r; € D(Q),

H|=p,|J|=q

with the topology of C'*°-convergence.

The operator 0 : D, ,(2) = Dpy1,4(R2) is defined by

0
0P = Z Z ai;Jde ANdzy NdzZy,

1,J 1<k<n

12



and 0 : D, () = D, 411() is given by

_ 0
0p=>">" aZszk Adzr A dzy.

1,J 1<k<n

The operators -
0—0

211

d=0+0, d°=

are real, and dd® = %85. (There is no general convention on normalizing the
operator d¢, some authors use d° = i(0 — 0); we prefer the above one to avoid
extra factors (27)P in the sequel.)

By Stokes’ theorem,
[ao=—[ o
D oD

for any domain D C Q and form ¢ such that d¢ € D, ,,(£2).

Definition 2.1.2 Currents of bidimension (p, q) (= of bidegree (n—p,n—q))

are elements of the dual space D), (€2), i.e., continuous linear functionals on
Dyp4(92).

Any current 7' € D, (€2) has a representation

T = Y Tudd Adz, Ty e D(Q).

[I|=n—p,|J|=n—q

The action of T on ¢ will be written as (T, ¢) or [T A ¢.
The topology on D), ,(2) (the weak topology of currents):

Ty =T <= (Ij,0) > (T,¢) Vo €D,y(0).
Differentiation of currents:
<8T7 ¢> = (_1)p+q+1 <T7 a¢>7 <5T7 ¢> = (_1)p+q+1 <T7 5¢>

Definition 2.1.3 A current 7' € D,, ,(€2) is called positive (T' > 0) if (T', ¢) >
0 for every differential form ¢ = ia; Aag A ... Aoy, A &, with oy € Dy ().

13



The coefficients of such a current are Borel measures on 2. Therefore, the
action of a positive current T' = >~ T7;dz! Adz” can be continuously extended
to the space of compactly supported forms ¢ with continuous coefficients,

(T, 0) < T llswppoll €1l

where ||T'|g = > |Tyk|e, |Tyk|e is the total variation of the measure Ty
on E and ||| = supg. ;. [0xL(2)]

Denotation 2.1.4

.__i = __W c 2
Bi=3 > dundz = Sdd°|2]

1<k<n

is the standard Kahler form on C", and

is the p-dimensional volume element.
L ,
For every positive current T' € D, (), we have
1Tz < el TN Byl -

Definition 2.1.5 A current T is called closed if dT" = 0. When T' € D, (),
this is equivalent to saying that 9T = 0 or 9T = 0.

A useful variant of Stokes’ theorem reads as follows: if T' € D, (), then

/ dpNT = — ONT
D oD
for any domain D CC Q2 and form ¢ such that dp € D, ,(2).

Denotation 2.1.6 D} () will denote the cone of all positive closed currents
from D, ,(€2).

An important tool in the theory of currents is an extension theorem due

to Skoda and El Mir .

14



Definition 2.1.7 Let E be a closed, complete pluripolar set in 2 (that is,
E={z€Q: u(z) = —oo} for some u € PSH(2)) and let T" € D} (Q2\ E) be
a current whose coefficients T7; have locally finite mass near E. Then the
current T = 3" Tyydz! A dz7 with Ty;(A) := Ty;(A\ E) for all Borel A C Q

is called the simple, or trivial, extension of T.

The simple extension T was first introduced by Lelong when studying
integration over analytic varieties, see Example 3 below.

Theorem 2.1.8 | ], [EM] In the above conditions, T € D (€2).

Sometimes 7" is the unique extension of T’ € Df(Q\ E): for example, if
E is an analytic set of dimension smaller than p (this is a particular case of
a more general result of the theory of currents).

2.2 Examples of currents
Standard examples are as follows.

1) Currents generated by psh functions:

0%u
8zj82,€

u€e PSH(Q) — < ) >0 < ddue D} (D).

Furthermore, if T € D, () then for any = € Q there is a neighbourhood
U and a function uy € PSH(U) such that T' = dduy in U.

2) For M a complex manifold of dimension p, the current [M] of integra-
tion over M is defined as

(M), 6) = /M 5

Then [M] € D; () (that it is closed, follows from Stokes’ theorem).

3) Integration currents over analytic varieties. Let A be an analytic vari-
ety, i.e., locally A = {z: fo(2) =0, o € A}, and let Reg A be the set of its
regular points (where A is locally a manifold). If A is of pure dimension p,
define

15



Then [A] € D (2). (Non-trivial part is that [A] is closed; this fundamental
result is due to P. Lelong | ]. Nowadays it can be seen as a consequence
of Theorem 2.1.8.)

4) Holomorphic chains T' = ) ax[Ax] € D (), where oy, € Zy and Ay
are analytic varieties of pure dimension p. When p = n — 1, the holomorphic
chains represent positive, or — in the algebraic geometry language — effective,
divisors.

2.3 Monge-Ampere currents

Here is a quick overview of the complex Monge-Ampere operator

(dd°u)" == ddu N\ ...\ ddy

n

acting on psh functions u or, more generally,
dduy A ... A ddu, (2.3.1)

for psh functions w4, ..., u,, p < n. The wedge product cannot be extended
from smooth to arbitrary plurisubharmonic functions. However, (dd“u)? can
be defined as a positive closed current inductively,

(dd“u)? = dd[u(ddu)*""], p=2,...,n,

for all locally bounded psh functions u (Bedford—Taylor). More generally, for
any current 7 € Dy (Q2) and a function u € PSH(S2) N L5, (), the current
uT is well defined, has locally bounded mass, and

ddu AT := dd°(uT) € D;_,.

For u smooth, this is a classical result; the general case follows, by Lebesgue’s
dominated convergence theorem, from approximation of v by smooth ..

The complex Monge-Ampere operator gives a characterization of maximal
psh functions:

Theorem 2.3.1 A locally bounded psh function u is maximal on a domain
w C C" if and only if (dd°u)" =0 in w.

16



The following simple, but important technical result will be repeatedly
used in the future.

Lemma 2.3.2 (Boundary localization principle) Let Q' cC Q, T € D (),
and let u,v € PSH(QY) N L> () be such that u = v near 0. Then

/ddcu/\T:/ ddv N'T.

Obstacles for the definition of the Monge-Ampere current (2.3.1) arise
from the singularity sets of the functions uy. For the operator be well defined,
either the singularity set has to be “small” or the functions must not decrease
too rapidly to —oo. Having in mind applications to holomorphic mappings,
one needs to make restrictions to the singularity sets themselves (since the
decay of log | f| is unavoidably strongest possible).

Definition 2.3.3 The [-Hausdorff measure H; is defined as
— lim !
Hi(E) = lg% mfz T
J

where the infimum is taking over all covering of E by balls of radii r; < e.

Theorem 2.3.4 (i) Let T € D} (Q), ui,...,uq € PSH(Q), ¢ < p, and let
the unbounded loci L; of all u; are either compactly supported in 2 or satisfy

Hop-m+1)(Lj; N...NLj, NsuppT) =0 (2.3.2)

Jor all choices of indices j1 < ... < jm, m=1,...,q, where Hap_m41) 5 the
2(p — m + 1)-dimensional Hausdorff measure. Then the currents

wrddug A ... A\ dduy,
and
dduy AN ddus A ..o AN ddug N'T = dd(urddug A ... A ddug NT)

are well defined and have locally finite mass. In particular, (dd°u)™ is well
defined when v € PSH(Q) N L2 (Q\ K) if K CC Q.
(ii) The Monge-Ampere operators are continuous under monotone limits

(and with respect to convergence in capacity).
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When the functions u; have the form u; = log | f;|, condition (2.3.2) with
T = 1 means

dmZ,N...NZ;, <n—-m, m=12...,q (2.3.3)

and for the function u =log ", .y | fj|* =: log|f[?, the operator (ddu)? is
well defined if o
dim Z; <n —gq, (2.3.4)

Zy = ZyN...N Zy being the zero set of the mapping f = (f1,..., fn).

2.4 Lelong numbers for positive closed currents

Definition 2.4.1 For T € D} (Q), o :=T A, € Dy is the trace measure
of T. (If T = dd‘u, then o7 is just the Riesz measure o, of u.)

Denote or(z,r) = or(B,(x)). It can be also represented in the following
form.

Proposition 2.4.2

or(z,r) =1, r2p/ T A (dd°log |z — z|)P.
Br(x)

Remark. By Theorem 2.3.4, the current T' A (ddlog |z — x|)* is well de-
fined.

Proof. Use the boundary localization principle with u(z) = |z — x|* and
v(2) = xc(log|z — z|), where x.(t) equals e* for ¢t > logr — ¢ and is affine
otherwise, tangent to €% at t = logr — e. 0

Definition 2.4.3 The Lelong number of a current T € D (Q) at x € Q is

v(T,z) = lim

r—0 Tprzp

/ T A B, =lim T A (dd°log |z — x|)P. (2.4.5)
Br(z) r=0JB, ()

So, the Lelong number of a current 7" € D/ (2) can be viewed both as
the 2p—dimensional density of its trace measure o7 and as the mass charged
at x by its “projective” trace measure T A (dd°log |- —x|)P.
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Corollary 2.4.4 or(x,r) > 7,r%v(T, ).

Examples 2.4.5 Lelong numbers of the model examples of currents are as
follows.

1) If T = ddu for a psh function w, then v(T,x) = v(u,z). This follows
from the original definition (1.2.2) of the Lelong numbers of psh functions
since o, = op. (For the consistency, one should write v(dd°u,x) instead
of v(u, ), however we prefer to keep the original denotation for the Lelong
numbers of functions since it is standard.)

2) For any complex manifold M, v([M],z) = 1 at all points z € M (and
of course v([M], z) = 0 for x outside M). This will follow from independence
of the Lelong numbers of the choice of coordinates, to be proved later.

3) Much more difficult is the corresponding result for analytic varieties
(Thie’s theorem) saying that the Lelong number v([A], z) equals the multi-
plicity m, of the variety A at x; we will prove it later as well.

Note that the 2p-dimensional volume of an analytic variety A in a Borel
set D is precisely op4)(D), which gives the following volume estimation: If
K CcC A and rg < dist (K, 09), then

7,rm, < Volg, (AN B,(z)) < C(rg, K, A)r*  Yr <1y, Vz € K.

4) By linearity, the Lelong number of a holomorphic chain 7" =), ay[A]
is
v(T,x) = ZOékV([Ak], x) = Zak My k-
k k

Fundamental properties of the Lelong numbers for positive closed currents
will be established by using machinery of generalized Lelong numbers due to
Demailly.

2.5 Definition of generalized Lelong numbers

An important notion of generalized Lelong numbers with respect to psh weights
was introduced and studied by Demailly. The idea is to replace the projec-
tive trace measure T'A (dd®log |- —z|)? by T A (dd°p)P with quite general psh
functions ¢ (weights) with singularity at x. Classical and directional Lelong
numbers are particular cases of these ones, with specified weight functions.
Moreover, the technique of generalized Lelong numbers gives simple and nat-
ural proofs of deep results concerning standard Lelong numbers.
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Denotation 2.5.1 Given ¢ € PSH(Q2) and r € R,

Bf ={z:9(z) <r}, 57 =A{z:9(z) =1}

Definition 2.5.2 A psh function ¢ is semiezhaustive if B, CC 2 for some
R € R. In particular, ¢ € L2, (Q2\ Bj) and thus (dd°p)" is well defined for

loc
all k£ < n. If, in addition, e? is continuous, ¢ is called a psh weight.

Definition 2.5.3 Given 7' € D, (1), define

WTopr) = [ Ty

and
v(T,p) = lim v(T,p,r),

r——00
the generalized Lelong number, or the Lelong-Demailly number, with respect
to the weight .
If T" = dd‘u for a psh function u, we will occasionally write, as for the
classical Lelong numbers, v(u, ¢) instead of v(ddu, ¢).

Examples 2.5.4 Previous variants of the Lelong number:
1) if p(2) = log|z — x|, then BY = B (z), v(T,p,r) = v(T,z,€e") and
V(T ¢) = v(T', x).

2) the "directional” weights

Cau(2) 1= max a, log |z, — x1l, ap >0, (2.5.6)

generate the directional Lelong numbers with respect to (ai,...,a,) (to be
shown in Section 2.6).

The following useful formula can be derived by means of Stokes’ theorem
(as was done for the standard Lelong numbers).

Proposition 2.5.5 For any convex increasing function v : R — R,

V<T7 YO P, V(T)) = VI(T)p V(Tv ¥, 7’),

~" being understood as the left derivative. In particular,

1 p
v(T,p,r) = 6_27”/ TN (gddce&p) .
By

20



2.6 Lelong—Jensen formula

The classical Lelong number of a psh function is both the density of its
associated measure and an asymptotic characteristic of the function itself. A
similar relation for the generalized Lelong numbers exists, too.

Definition 2.6.1 Let ¢ be a psh weight in Q, ¢, = max{p,r}. The swept
out Monge-Ampeére measure is

pf = (ddpn)" = 1,(dd°p)",
where 1, is the characteristic function of Q \ BY.
Proposition 2.6.2 (i) pu? > 0;
(ii) supp g C S¢ and pf() = g (S¥) = (ddp)" (BY);
(iii) if (dd°p)" =0 on Q\ p~!(—00), then uf = (dd“p,)";

Example 2.6.3 If ¢ = log |z — z|, then p¥ is the normalized Lebesgue mea-
sure on Ser ().

Theorem 2.6.4 (Lelong—Jensen-Demailly formula) Any v € PSH(Q) is
Wr-integrable, and

et = [ uldirey = | vt

—00

Proof. Fubini’s and Stokes’ theorems. U

As a consequence, we have

Theorem 2.6.5 Let (dd°p)" =0 on Q\ ¢~ (—00), then uf(u) is an increas-
ing and convex function of r, and

v(u,) = lim

r——00 r

Proof. For any r < 1,

pt) = i () = [ vt e
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Since t — v(u, p,t) dt is positive and increasing, r +— p¥(u) is increasing and
convex. Therefore, there exists the limit

0 Q) — 1®
lim 2r (v) — lim & (W) = () = lim v(u,p,t) = v(u,p).

r——00 r r——00 r—T"To t——o0

O

Examples 2.6.6 1) When ¢(2) = log |z — z|, this is the representation of
classical Lelong number v(u,z) = lim, o A(u, x,t)/t.

2) For a directional weight

©(2) = pao(z) = mgxa;llog |zkl, ar >0,

B¢ is the polydisk {|zx| < €™}, the measure uf(u) is supported by its dis-
tinguished boundary and is rotation invariant in each variable. So, uf(u) =
caX(u, z,7a). Later we will compute ¢, = (ay . ..a,)!, which gives

v(u, a0) = (ar...a,) " 'v(u,0,a).

2.7 Semicontinuity

The following two 'qualitative’ results are useful when studying families of
currents/weights.

The first one shows that the generalised Lelong numbers are semicontin-
uous with respect to variation of the currents.

Theorem 2.7.1 If currents Ty, € Dy (§2) converge to a current T, then

lim sup V<Tk7 (10) < I/(Ta (10)

k—o00

Proof. Boundary localization principle. 0

The second result is semicontinuity of the generalized Lelong numbers
with respect to variation of psh weights. Here, however, a stronger condition
on convergence of the weights is needed.

Theorem 2.7.2 If psh weights ¢y, and ¢ are such that exp{yr} — exp{¢}
uniformly on compact subsets of €, then

lim sup V(T7 ka) < V(Ta SD)

k—o0
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Proof. The condition on the weights is equivalent to uniform convergence
of max{py,t} to max{p,t} for every t. This implies convergence of the
currents T'A (dd® max{py, t})? to T A (dd° max{p,t})P. Then — the boundary
localization principle. O

As a consequence, we get

Corollary 2.7.3 Classical Lelong numbers v(T, x) are upper semicontinuous
functions of x.

k)

Proof. Choose the weights ¢y = log |z — 2®)| for %) — 2. O

2.8 Comparison theorems

Now we present two ‘quantitative’ results on variation of the generalized
Lelong numbers with respect to currents and weights.

The first comparison theorem describes dependence on the psh weights.
For a weight ¢, denote L(yp) = ¢~ 1(—00).

Theorem 2.8.1 Let T € D () and ¢ and v be psh weights such that

P(2)
¢(2)

lim sup =l<oo asz— L(p), z€suppT,

then v(T,¢) < Pv(T,p). Consequently, if there exists lim(z)/p(z) = I,
then v(T, ) =P v(T, p).

Proof. 1t suffices to establish v(T,¢) < v(T, ), provided [ < 1. This will be
done again by using the boundary localization principle.

For ¢ > 0, denote u, = max{y — ¢,p}. If ¢ < r, then, for ¢ big enough,
ue. = p on BY \ BY. Therefore, v(T,¢,r) = v(T,u.r) > v(T, u.).

On the other hand, since I < 1, u, = ¥ — c on B? for s << t and so,
(T, u.) =v(T, v —c) =v(T, ). O

The second comparison theorem (which can be proved by similar ar-
guments) indicates dependence of the generalized Lelong numbers on the
Monge-Ampere currents.
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Theorem 2.8.2 Let T' € DS () and ug, vy € PSH(Q), 1 <k < q, be such
that the currents dd‘uy A\ ... Ndd°uqg AT and ddvy A ... A ddvg AT are well
defined, vy, = —o0 on suppT N L(y), and

v (2)

Then v(dduy A ... Nddug NT, ) <ly...lL,v(ddv A...A\Nddvy AT, ).

lim sup =l <ooasz— L(p), z€suppT \ v, '(—0), 1 <k <q.

These results make it possible to obtain relatively simple proofs for fun-
damental facts on the Lelong numbers of psh functions and positive closed
currents. For example, the first comparison theorem immediately implies

Corollary 2.8.3 The Lelong number of a closed positive current is indepen-
dent of the choice of local coordinates. In particular, v([M],z) =1 for any
point x on a complex manifold M.

We can prove now Thie’s theorem on the Lelong numbers of the integra-
tion currents along analytic varieties as well.

Corollary 2.8.4 Ifz is a point of an analytic variety A, then v([A], x) equals
the multiplicity of the variety at x.

Proof. Assume x is a singular point of A. Recall that one can choose a
neighbourhood U and local coordinates (Z/, z”") € CP xC" P such that ANU C
K ={(z,2"): || < C|¢|}, C > 0. In these coordinates, x = 0. Let B’ C
CP, B"” C C" P besuch that B'xB"” C U. The projection p : AN(B'xB") — B’
is proper and finite, so it is a ramified covering of B’. The number m, of
sheets of the covering p is the multiplicity of A at z.

Set (z) = log |2] = L log(|2'[2+]2"[2), (=) = log |2']. Then ¢(2)/u(z) -
1 as z — 0 inside the cone K (and thus, on A). Therefore,

v([A],2) = v([A],¢) = v([A],¥).

Furthermore,

v([AY) = rQW/Bw [A] A (%ddce%)p

log r

1 p
g (a1 )
Reg An{z:|2'|<r} 2

= mmr_%/ (dd°|])" = m,,
B

/
T
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which completes the proof. U

The second comparison theorem shows that the residual Monge-Ampere
mass (dd°u)™(z) is a function of asymptotic behaviour of u near x. This leads
to the notion of psh singularities at x as equivalence classes of psh functions
with respect to their asymptotics.

In particular, the functions max; log [2;]% and log » . [2;|* (with a; > 0)
represent the same singularity at 0. Moreover,

(dd° maxlog |z;|)" = (dd* log Y " |2]")" = a1 ...an b (2.8.7)
J

(the fact was used in relating directional Lelong numbers v(u,z,a) to the
Lelong numbers v(u, ¢, ) with respect to the directional weights ¢, ). This
can be proved as follows.

By approximation arguments, it suffices to consider only the case of ra-
tional a; > 0. Moreover, due to the homogeneity, we can assume them to be
even numbers, a; = 2m;. Note that both the currents are supported at the
origin. Hence the first equality follows from the Theorem 2.8.2. To evaluate
the mass of the currents there, we use a representation of the Lelong numbers
as densities of measures (Proposition 2.5.5). Denote ¢(z) = 1log 3 |2;/*™,
then

1 n
/ (dd°p)" = r2"/ <§ddce“’) =my...myr 2" / (dd°|w|)™
BY BY B,

logr logr
= m;..my,2" =ay...an,.

Another its application is the following result comparing the Lelong num-
ber of a wedge product with the Lelong numbers of the factors.

Corollary 2.8.5 If dduj A ... A dd°uq is well defined, then
v(dduy A ..o Nddug AT, ) > v(ug, x) ... v(ug, z) v(T, ).

In particular,

(ddu)"(x) > v(u,x)".
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3 Relative types and integrability index

Now we pass to other characteristics of psh singularities. The first one, rela-
tive type, is another, quite elementary, generalization of the notion of Lelong
number [R06]. The second one, introduced in | | as integrability index?,
in spite of simplicity of the definition, is more involved; in particular, proofs
of its fundamental properties require advanced technique of hard analysis’.
For Section 3.1, see [R00], and for Section 3.2, see | | and [IK94].

3.1 Relative types

The classical Lelong number v(u, z) can be defined in two equivalent ways:

v(u,x) = lim inf _uz) ddu A (dd°log | - —z|)" 1 ({z}).

e loglz — x|

The definition as the residual Monge-Ampere mass has turned out extremely
fruitful as it reveals its relations to analytic geometry and allows using ma-
chinery of differential operators. By replacing the function log |- —z| with
arbitrary psh weights ¢ in Demailly’s generalized Lelong numbers, the theory
has become much more flexible and powerful.

On the other hand, the "elementary” definition of the Lelong number
as the lower limit is intimately connected with asymptotic behaviour of psh
functions near their singularity points. The bound

u(z) < v(u,z)log|z — x|+ O(1)

gives the best possible bound on wu(z) when z — z in terms of the 'model’
singularity log |z — x|.

This motivates introducing another generalization of Lelong numbers by
comparing the asymptotic behavior of the psh function to that of model psh
weights . In order to get a pointwise bound, one needs to impose certain
restrictions on the weights. Namely, this works if the weights ¢ are maximal
psh functions on punctured neighborhoods of x, which is characterized by
the equation

(dd°p)"™ = 0 outside z.

Such weights will be called mazimal.

3Tts reciprocal is known as log canonical threshold, or complex singularity exponent.
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Definition 3.1.1 Given a maximal weight @, the type of u relative to p is

u(z)

o(u,p) = hIZILi;lf o)

Then, by the same arguments as for log |z — x|, we get the bound
u(z) < o(u, @) (2) + O(1)
as z — T.

Example 3.1.2 A model example of relative types are those with respect
to the directional weights

Pagw = mkaxa,;l log |z — x|, ar > 0.

In this case,
U(U, (10(171‘) = V(“’? fl?, CI,),

the directional Lelong numbers.

As is easy to see, the relative types o are, as the classic Lelong numbers,
upper semicontinuous:

Proposition 3.1.3 (i) Ifu; — u in L}

loes then o(u, ) > limsup o(u;, ¢).
(1t) If e¥7 — e¥ uniformly, then o(u, ) > limsup o(u, ;).
An analogue of the first comparison theorem is the inequality

a(u, ) = o(u, ) oy, ¢),

which implies o(u, ) = lo(u, ), provided /1 — . The second compari-
son theorem is as follows: if iminfu(z)/v(z) = I, then o(u, ) > lo(v, ).
Note that these are much easier results than those for Demailly’s generalized
Lelong numbers.

Like the classical Lelong number, the relative type has the property

o (mkax uk> = min o(uyg)
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for finitely many wy, while the type of a sum of the function need not equal
the sum of their types (however it cannot be less than that).

By the first comparison theorem (Theorem 2.8.1) for the currents, the

generalized Lelong numbers and relative functions are related by

I/(U, gp) Z mSD O'('LL, QO),

where m, = (dd°¢)"(z). It is not known if any relation in the opposite
direction holds for a general maximal weight .

It is worth mentioning that the relative types as functionals on psh sin-
gularities can be characterized by some of their basic properties:

Theorem 3.1.4 Let a function o : PSH, — [0, 00] be such that
(1) o(cu) = co(u) for all ¢ > 0;
(11) if uy < ug+ O(1) near x, then o(uy) > o(ug);
(77i) o(maxyug) = ming o(uy), k= 1,2;
(iv) if u; — w in L}, then limsup o(u;) < o(u);
(v) o(log]| - —z|) > 0.

Then there exists a mazimal psh weight @ such that o(u) = o(u, @) for every
u € PSH,. The representation is essentially unique: if two weights ¢ and 1
represent o, then ¢ =1 + O(1) near x.

Proof. Let D be a bounded hyperconvex neighbourhood z. Introduce the
function

o(2) =sup{u(z) : ue M,},
where M, = {u € PSH™ (D) : o(u) > 1}, and show that o(-) = o(-, ). O

As we will see later on, a variant of Siu’s analyticity theorem is valid for
the relative types, too.
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3.2 Integrability index (and log canonical threshold)

Another way of measuring singularity of u is to study local integrability of
e~%7 for v > 0 (note that since v may be discontinuous, even integrability
of e™* near x with u(z) > —oo is far from being evident).

Definition 3.2.1 The value
I(u,z) =inf{y >0: e € L} ()} (3.2.1)

loc

is called the integrability index, or Arnold multiplicity, of u at x. Its recipro-
cal,
let(u) = (I(u, ) =sup{c>0:e " c L7 ()},

loc

is called the log canonical threshold, or complex singularity exponent at x.

Similarly to the Lelong numbers and their generalizations, stronger sin-
gularities have greater integrability indices: I(u,z) > I(v,z) if u < v+ O(1),
and I(cu,z) = cI(u,z). Furthermore, as follows from the Holder inequality,

Iu+wv,z) < I(u,z)+ I(v,z) : (3.2.2)
if a > I(u,z), b > I(v,z), then

—2(u+v) 1/p 1/(]
[t e (fomna)"(forna)

atb
o
In the one-dimensional situation, the integrability index coincides with
the point mass of the Riesz measure — i.e., with the Lelong number:

Withp:‘%bandq:

Proposition 3.2.2 Ifn =1, then I(u,x) = v(u,x).

Proof. Integral representation of u as the sum of the logarithmic potential of
its Riesz measure and a harmonic function. O

Remark 3.2.3 As an immediate consequence, we get that for n = 1 and
any u with I(u,z) > 0,
emwW/wa) g [2 (), (3.2.3)

which follows from the inequality u(z) < v(u,z)log|z — x| + O(1) and the
evident relation |z|™* & L2 (0). The same property holds in several variables
as well, however this is a much more complicated result known as Opennes
Conjecture of Demailly and Kollar (2001) and proved by Berndtsson in 2013.

We will come to this shortly.
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Examples 3.2.4 I(log|z|,0) = 1/n. More generally, if z = (2/,2") € CF x
C"*, then I(log|z'],0) = 1/k.

An important tool is the following restriction formula.

Theorem 3.2.5 (Demailly—Kollar) If Y is a complex manifold and x € Y,
then
I(uly,z) > I(u,x).

The result follows easily from the Ohsawa-Takegoshi theorem (coming
soon, see Section 4.2). Note that, in view of the above examples, the inte-
grability index, unlike the Lelong number, is quite sensitive to the dimension
of the singularity set and one cannot expect an equality for generic Y.

Integrability indices are related to the Lelong numbers by Skoda’s in-

equalities:

Proposition 3.2.6

%V(% z) < I(u,z) < v(u, ),

the extremal situations being realized for uw = log |z1| and u = log |z|.

Proof. The first inequality follows from the bound u < v(u,x)log|z — x| +
O(1). The second one results from the restriction formula (Theorem 3.2.5)
applied to the restriction of u to a generic complex line [ where the equalities
I(u|j, ) = v(ul;, ) = v(u, z) hold. O

Remark 3.2.7 A more refined lower bound is due to Kiselman:

I(u,2) > sup 2LL®)
a€R™ Z]‘ a;

which follows from the inequality u < ¥, , + O(1) and a computation of the
integrability index for the indicators W, ,.

Like various types of Lelong numbers, the integrability index I(u, x) is an
upper semicontinuous function of u:
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Theorem 3.2.8 If u; — u in L, .(Q), then

loc
limsup I(u;,z) < I(u,z), x € Q.

Jj—o0

Moreover, if e € L} (), then e — e~ in L2 ().

loc loc

Applying the second statement to u; := u/v; with v; \, I(u, x), we get
the openness property (3.2.3).

For n = 1, a proof of Theorem 3.2.8 can be deduced again from the the
representation of the integrability index as the Riesz mass at . We postpone
the case n > 1 until we get a corresponding tool.

An analytic object representing the singularities of w is the multiplier
ideal sheaf J(u) consisting of germs of holomorphic functions f such that
|fle™ € Li,.. It is a coherent analytic sheaf. Moreover, if U CC Q is
pseudoconvex, then the restriction of J(u) to U is generated as an Op-
module by a Hilbert basis {o;} of the Hilbert space H,(U) of holomorphic

functions f on U such that |fle™ € L*(U). We will use this quite soon.

4 Analyticity theorems

Deep results on psh singularities (like the celebrated Siu’s analyticity theo-
rem) rest on 'hard analysis’, mostly on L*-extension techniques. We present
here two main theorems (due to Hormander-Bombieri-Skoda and Ohsawa-
Takegoshi), without proofs, and show how they imply analyticity theorems
on upperlevel sets for the characteristics of psh singularities. We also use the
L?-technique to prove Demailly’s approximation theorem and fundamental
properties of integrability index.
See | ], [D92], | | (Chapters IIT and VIII), [Fo], [IK94], [R09].

4.1 [L*-extension theorems

Plurisubharmonicity assumes no a priori analyticity. Nevertheless, analytic
varieties appear from any psh function (moreover, from any positive closed
current) with ’strong’ singularities.

A bridge between plurisubharmonicity and analyticity are L2-extension
theorems based on the Hérmander type results on the O-problem. In partic-
ular, the following two statements have great importance in studying singu-
larities of psh functions.
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Theorem 4.1.1 (Hormander-Bombieri-Skoda) If u is plurisubharmonic on

a bounded pseudoconver domain Q and e™* € L2 (x) for some x € Q, then

there exists a holomorphic function f on € such that

Jiree s, <o
Q
and f(x) = 1.

Theorem 4.1.2 (Ohsawa—Takegoshi) Let Y be a p-dimensional affine sub-
space of C", Q be a bounded pseudoconver domain in C", and u € PSH(X).
Then any function h € Hol(Y N Q) with

ﬂgm&u@<w
N

can be extended to a function f € Hol(S)) and

[ 1P 6, < Apon diame) [ e,
Q Y

neQ

As we will see, these (and related) results ensure that the considered
characteristics of psh singularities bear a certain analyticity feature. Namely,
this is semicontinuity of the characteristics in (analytic) Zariski topology
(where closed sets are analytic varieties).

4.2 Integrability index

1. By using the Ohsawa—Takegoshi theorem, we can now prove the restriction
formula for the integrability index: I(uly,x) > I(u,x).

Proof of Theorem 3.2.5. Let v > I(uly,x), then

/ e~ 2/ By < oo.
B(z,r)NY

Then there exists F' € O(B(z,r)) such that F|y =1 and
/ |F|?e=2/7 3, < oo.
B(x,r)
Since F'(z) = 1, this means v > I(u, z). O
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2. Here we show how the Ohsawa—Takegoshi theorem leads to a proof of
the Openness Conjecture and semicontinuity of the integrability index. We
will use arguments from | ] and | ]

Sketch of proof of Theorem 3.2.8, n > 1. In the one-dimensional case,
the crucial fact is the uniform bound

/emf‘ B <M, j> jo
Q

for some ¢ > 1 and all j > jy, which follows from the upper semicontinuity of
the Lelong numbers. In higher dimensions, the argument can be substituted
by the Ohsawa—Takegoshi theorem.

We will use induction in the dimension. We assume u,u; € PSH_(D),
D® cC D. By Fubini’s theorem,

/ / e B () Bu(z) < o0
D Jpr-1

Therefore, for any € > 0 there exists n > 0 and a set E € D, \ {0} of positive
measure such that

62

—2u(2',wy) /
(& _1\Z <
/D Bur() < T

for every w, € E. Then we can choose w, in such a way that w;(-,w,)
converge to u(-,w,). By the induction hypothesis, there exists ¢ > 1 such
that

62

/ 1 e~2euEhwn) g (1) <
Dn-

as well. By the Ohsawa-Takegoshi theorem, there exist holomorphic func-
tions f; in D™ such that f;(2’,w,) =1 and

|27 .] >.]07

|wh,

2

/ |fj|2 R Bﬂ < A‘ ‘27 j _]0

One can then prove that for e < 1/2, the inequality |f;| > 1/4 holds on a
neighborhood w of 0 and so,

/ 20 3 < M, > jo.
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The rest of the proof is exactly as in the one-dimensional case. U

3. Now we pass to an analyticity theorem for the integrability index. A
basic result is Zariski’s semicontinuity of the map x — I(u, x).

Denotation 4.2.1 [E.(u) = {z : I(u,z) > ¢} is the upperlevel set for the
integrability index (or, equivalently, the lowerlevel set for the log canonical
threshold).

Theorem 4.2.2 [fu € PSH(Q?), then [ E.(u) is an analytic subvariety of €
for all ¢ > 0.

Proof. Denote
N,={xeQ:e"¢ L (v)}

loc

It is an analytic variety in €). Indeed, if x € N,, then f(x) = 0 for any
function f from

Ho = {f € O(Q) /ny\?e?u 8, < oo},

so N, C N{f71(0) : f € H,}. The reverse inclusion follows from Hormander’s
Theorem 4.1.1.

Now, since

IEo(u) = () Nusa;

a<c

this completes the proof. 0

4.3 Demailly’s approximation theorem

In order to give a short proof of Siu’s analyticity theorem for Lelong numbers,
we present here an approximation technique due to Demailly, an extremely
powerful tool for investigating psh singularities.

Definition 4.3.1 Given u € PSH(Q), take the multiplier ideals

j(mu):{fEO(Q):/Q|f|26_2m“,6’n<oo}, m=12,...,
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considered as weighted Hilbert spaces H,,, = H ., (£2) with the inner products

(f. ) = /Q fge s,

Let {o\™}, be an orthonormal basis of H,y,, then K, (z) := 32, o™ (2)[? is
the Bergman kernel for H,,, the series being converging uniformly on compact
subset of 2. Denote

1
U, = Dypyu = — log K,,, € PSH(Q2).
2m

Note that ]
um(2) = —sup{log [ f(z)] : [|fllm <1} (4.3.1)

because K,,(z)'/? is the norm of the evaluation functional f +— f(2) on H,p,.

Theorem 4.3.2 [D92]

(i) There are constants Cy,Cy > 0 such that for any z € Q and every
r < dist (z,092),
Ol 1 02

u(z) — — < up,(z) < sup u(()+ —log —. 4.3.2
()= Sy Sum() S swp u(Q)+ ;g (432

In particular, u,, — u pointwise and in L} ().

(i) .
viu,z) — . < v(tupm,x) <viu,x) Vo e
(iii) 1
I(u,x) — - < (upm, ) < I(u,x).

Proof. For f € H,,,

() <

2
/ |f|2 Bn < ||f||m e2msup{u(§):CEIBT(z)}’
B, (z

Tr2n Tpr2n

which, by (4.3.1), gives us the second inequality in (4.3.2).
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The proof of the first inequality uses the Ohsawa—Takegoshi theorem
(more exactly, its particular case of a one-point set Y). Namely, for any
z € Q and a € C there exists a function f € O(2) such that f(z) = a and

/‘f|2€_2muﬁnSA’CL|2€_2mu(Z).
Q

Choosing a such that the RHS here equals 1, we get || fiu||m < 1 and so,

1 log |al log C
(2> —1 _ 81 ) — .
um(2) 2 —log|f(2)] = —> = =u(z) — —~
Assertions (ii) and (iii) follow from (i). O

Remark 4.3.3 It is worth mentioning that the functions wu,, from Theo-
rem 4.3.2 control not only classical Lelong numbers of u, but also all its
directional ones:

v(u,z,a) —m™! Zaj < V(tpm,x,a) < v(u,z,a) Vo eQ, VaeRY.
J

Moreover, a similar fact is true for the relative types o(u,, p) with respect
to the weights ¢ that are exponentially Holder continuous:

e?®) _ e¥) < O |z — y|*;
see [RO1], [ ], [R13].
4.4 Upperlevel sets for Lelong numbers
Given T € DF(Q), let
BT) :={z € Q:v(T,z)>c}, >0,

be the upperlevel sets for the Lelong numbers of T
Since the function x +— v(7T,z) is lower semicontinuous (in the usual
topology), every set E.(T) is closed.

Proposition 4.4.1 E.(T') has locally finite 2p-Hausdorff measure.

36



Proof. Use the bound for the trace measure o of the current T,
O'T<Be(x)) > 62pl/<T7 l’),
to deduce
Hy(K.) < C’limiglfUT(Kc +B,) <
€E—
for the sets K. = E.(T)NK, K CC Q. O
Next step is a reduction to psh functions:
Theorem 4.4.2 Given a currentT' € Dy (), there evists u € PSH(S)) such
that v(T,x) = v(u, x) for every x.

Sketch of a proof. Consider the canonical potential’

Uj(2) =~y / 2= ¢ y(Q) dor(0)

with 7; a non-negative, smooth function supported in €2, and equal to 1 on
a neighbourhood of ; CC Q. The potential is subharmonic in R*", and its
Riesz measure

1
oj(x,r) = %/B ( )AUj = [1 + o(1)]rp 17 20(T, z) + o(r*"2)

asr — 0, so

. oj(x,r)
11_I)1’(1) Tn717’2n_2

One can show that dd°U; > —N; dd¢|z|?, so u;(z) := U;(2) + N; |2|> + M; is

psh and v(T,z) = v(u;,x) for all z € ;. Exhausting 2 by €2; we get the

desired function w. O

=v(T,x) VzeQ,

The main result is as follows.

Theorem 4.4.3 (Siu’s analyticity theorem) If T € Df(2) and ¢ > 0, then
E.(T) is an analytic variety of dimension < p.

The original Siu’s proof (1974) (developing results of Bombieri and Skoda)
takes about 100 pages. A considerable simplification was made by Lelong
(1977) who reduced the problem to that for psh function. In 1979, Kiselman
applied the attenuating singularities technique to get a simpler proof for
the classical Lelong numbers and, in 1986, for the directional numbers. His
ideas were used by Demailly to prove the theorem for the generalized Lelong
numbers (1987). Here we give the shortest known proof for the classical
Lelong numbers due to Demailly [D92].
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Proof. Tt remains to show that for any psh function wu, the set

E.(u) ={x€Q: v(u,z) >c}
is analytic. Let u,, be Demailly’s approximations of u by functions with
analytic singularities. Then v(u,z) > ¢ implies

n
V(Up,x) > C— -

On the other hand, if v(u,x) < ¢, then v(u,, ) < ¢ for all m and hence

n
V(Up,x) < ¢ — —
mo

for some mg. Therefore,

Ee(u) = () Eeenjm(tm)-
m>mg
We recall that )
_ (m) 2
Uy = %loggl: |Uz (2)]

(m

with analytic functions o, ). Since
0" _(m)
€ Eepym(ty) < gy () =0 Va: |af <cm—n,
ZO{

each set E,_,,/m () is analytic, and so is E.(u). O

4.5 Analyticity theorem for Lelong—Demailly numbers

Let X be a Stein manifold (for example, a pseudoconvex domain in C™), and
let ¢ be a continuous semiexhaustive psh function on 2 x X (that is, {(z, z) :
o(z,x) < C} CcC Q x X for some C' € R). The function ¢,(z) := ¢(z,z) is
a psh weight on 2. Denote

E.=E.(T,¢)={ve X :v(T, ¢,) > c}.

Theorem 4.5.1 [D&7], [D93], [ | Ifexpp € C(2 x X) and is Holder
with respect to x, then E. is analytic in X.
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Scheme of proof.

1) Construction of a family of psh potentials u,(z), a > 0, whose be-
haviour is determined by v(T, ¢,). This refined version of what was done for
the classical Lelong numbers is the attenuating singularities technique due
to Kiselman.

2) Let Ny = {z € X : exp{—u,/b} & L} .(z)}, then E. = (| N,,, the
intersection taken over all a < ¢ and b < (¢ — a)vy/m, where v is the Hélder
exponent of .

3) By the analyticity theorem for the integrability indices, each set N,

is analytic.

4.6 Analyticity for relative types

A similar approach can be applied to the superlevel sets for the types relative
to Holder continuous maximal weights.

We consider a continuous, semiexhaustive function ¢ € PSH(Q2 x ), such
that the set {z : p(z,x) = —oo} is finite for every z € Q, (dd°p)™ = 0 on
{(z,y) : ¢(z,2) > —oc0}, and exponentially Hélder continuous in z.

It then follows that ¢, (z) := ¢(z,x) is a weight satisfying (dd“p,)" = 0
outside ;' (—00). It can be shown that A(u, p,,r) = sup{u(z) : ¢.(2) <r}
is psh [D&5, Thm. 6.11].

By the scaling ¢ — cp, ¢ > 0, it suffices to consider the sets

S1(u, 0, ) ={x € Q: u(z) <p(z,z)+ O(1) as z — z}.

Theorem 4.6.1 [R09] Let ¢ € PSH(Q x Q) satisfy the above conditions.
Then for any u € PSH(QY), the set Si(u,p, Q) is analytic.

This can be applied to questions on propagation of (sub)analytic singu-
larities of the following kind.

Corollary 4.6.2 [R09] Let the zero sets A; of functions fi,..., f, € O(Q),
q < n, form a complete intersection, i.e., codim Z = q, where Z = N;A;. If
a function uw € PSH(Q?) satisfies

u <log|f|+ O(1) (4.6.3)

on an open set w intersecting all the irreducible components of Z, then it

satisfies (4.6.3) on the whole 2.
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Proof. Tt suffices to consider the situation when v < 0 and there exist
functions fyi1,..., fn € O(Q) such that for every x € Q the set {z: f;(2) =

fi(x), 1 <j <n}is finite. Denote f' = (fi1,..., f;) and f" = (for1,-- -, fn),
so the bound (4.6.3) rewrites as u < log | f’| + O(1).
For m > 0, take

om (2, x) = max{log(|f'(z) — f'(2)|, mlog | f"(z) — f"(2)I}.

It satisfies the conditions of Theorem 4.6.1, so Si(u, vm,2) is an analytic
variety in €2 such that

S1(ty m, ) Nw D S(log|f'], pm, Q) Nw.

Therefore, it contains all irreducible components of S (log |f'[, Ym, ), that
is, the set Z.

Given a € Z, we can assume D = {x € Q: ¢1(z,a) < 0} CC Q. Then
u < @p(z,a) on D because the latter is the largest negative psh function v
on D such that o(v, ¢,,) > 1. Taking m — oo, we get u < log|f’| in D. O

4.7 Siu’s decomposition formula

Importance of Siu’s fundamental result can be illustrated by structural for-
mulas for closed positive currents.

Definition 4.7.1 Let A be an irreducible analytic variety in €2, dim A = p.
The generic Lelong number of T' € DS (Q) along A is

v(T,A) :=inf{v(T,z) : z € A}.

By Siu’s semicontinuity theorem, v(T, A) = v(T,x) for all x € A outside
some its proper analytic subvariety A’.

Denote by x4 the characteristic function of the set A: ya(z) =1ifz € A
and xa(z) = 0 otherwise.

Proposition 4.7.2 y T = v(T, A) [A].

Proof. Note that x4T € D (). Indeed, xaT = T —xa\aT > 0 and xo\aT is
close in view of Theorem 2.1.8 (it is the simple extension of T" along A). Since
xaT is of bidimension (p,p) and supported by the p—dimensional variety

40



A, it has the form 4T = A[A] for a positive locally integrable function
A on Reg A (general fact of theory of currents). Since it is closed, A is a
nonnegative constant. Finally, A\ = v(T, A) because v(A[A],z) = v(T, A) for
allz e A\ A OJ

Theorem 4.7.3 (Siu’s formula) For any current T € Dy (), there is a
unique decomposition

T =Y XN[A]+R, (4.7.4)

where \; > 0, [A;] are the integration currents over irreducible p— dimensional
varieties Aj, and R € DS () is such that dim E.(R) < p for every ¢ > 0.
The values \; are the generic Lelong numbers of T' along the varieties A;.

Proof. Let {A;} be p—dimensional irreducible components of the set

{Ee(T)}ecy

and let \; = v(T', A;). Then the sequence of currents

R1 =T — )\1[141] € D;(Q), RQ = Rl — )\2[142] € ,D;F(Q),
decreases to a current R € DF(Q), which gives us (4.7.4). Furthermore,
dim E.(R) < p for every ¢ > 0 because v(R, A;) = 0 for all j. O

Some components of lower dimension can actually occur in E.(R), how-
ever 4R = 0 for any p—dimensional variety A.

4.8 King—Demailly formula

Siu’s structural formula can be specified for the case when T' = (dd°log | f])?
for a holomorphic mapping f = (f1,...,f,) : @ — C% Let {A;} be the
irreducible components of its zero set Ay = f~1(0). Consider u = log|f|. If
codim A; = min; codim A; > [, then (dd°u)" is well defined.

When dealing with holomorphic mappings, it is convenient to consider
the corresponding holomorphic chains, i.e., the currents

Zy = ng‘ [4;]

where the summation runs over all p—codimensional components A; of the
variety Ay, and m; € Z, are the generic multiplicities of f at A; (i.e., the
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generic Lelong numbers of (ddlog |f|)P along A;; we will explain soon why
these are the same).

The following result (originally established by King for ¢ = p < n, see
[ |, and then extended by Demailly [D&7], | | to the general case)
represents holomorphic chains as singular parts of Monge-Ampere currents.

Theorem 4.8.1 (King-Demailly formula) Let f :  — C? be a holomorphic
mapping, codim Ay = p. Then the currents (ddlog |f|) andlog |f|(dd"log | f])!
with I < p have locally integrable coefficients, and

(dd°log |f|)P = Z; + R, (4.8.5)

where Zy s the corresponding holomorphic chain and R € Df{_p(Q) 1S such
that xa,R =0 and the sets E.(R), ¢ > 0, are of codimension at least p + 1.

Proof. For | < p, the currents (dd¢log |f|)! and log|f|(dd®log|f])! are well
defined on €2 and have smooth coefficients on 2\ Ay; since dim Ay < n — 1,
they cannot charge A;. By Siu’s formula (Theorem 4.7.3),

(dd°log|f1)P =D M[Aj]+ R

with A\; > 0 generic Lelong numbers of (ddlog|f])* along A;. We will see
soon that they are precisely the multiplicities m;. 0

Examples 4.8.2 Particular cases:
1) p = ¢ = 1: no condition on A is required, R = 0, so we have the
Lelong-Poincare equation
dd°log |f| = Z;.

2) p = ¢ < mn: R = 0 because in this case the restriction of log|f]| to
p—dimensional complex planes L are maximal psh function on L\ Ay and
so, (dd°log|f])? = 0 outside A;. This gives King’s formula | ]

(dd“log | f])? = ij[Aj] = Zy.
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4.9 Lelong numbers and multiplicities

We have seen that the Lelong number of dd®log | f| for a holomorphic function
f:Q — C at x € Q equals the multiplicity of the zero of f at z, and in that
case it is just the vanishing order of f at x (the least degree of its monomials
about x). For holomorphic mappings to C?, ¢ > 1, the multiplicities are
defined in a different way.

In the simplest situation ¢ = p = n (p being the codimension of the zero
set at x), f is a finite covering of a neighborhood Uy of 0 by a neighborhood
V. of x, and the multiplicity of f at z is just the number of the sheets the
multiplicity of an equidimensional mapping f . In other words, it is the
generic number of solutions y € U, to the equation f(y) = a, a € B..

When ¢ > n and still the codimension p equals n, the multiplicity of f is
the one for the mapping f’' : 2 — C™ whose components are generic linear
combinations of the components of f.

When p < n, one considers restrictions of the mapping f to generic
g—dimensional complex planes passing through x.

Theorem 4.9.1 If the codimension of the zero set Ay of f at x equals p,
then v((dd®log|f|)?P, x) equals the multiplicity of f at x.

Proof. This is easy to check if f: Cj — C{ and p = n, i.e., z is an isolated
point of f~1(0). Let s be the number of the sheets of the covering. Then

v((dd log | f1)", x) = v([Va), log | f1) = v(£.[V;],0) = s v([U0], 0) = s.

A reduction of the general situation to this case is a bit technical; we omit
the details. OJ

Note also that A; is the intersection of the zero sets Ay, of the compo-
nents fr of f. A corresponding formula for the case p = ¢ < n represents
the holomorphic chain Z; as the intersection product of the divisors of the
components f;, of the mapping f. Denote uy = log | fi|-

Theorem 4.9.2 If the zero sets Ay, satisfy condition
dimA; N...NA4;, <n—m
then for all m-tuples (j1,...,jm) and all m < q, then

dduy A ... A ddoug = Zs.
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Proof. By the Lelong-Poincare equation, dd‘uy, = Zy, , so
ddcul/\.../\ddcuq = Zfl /\.../\qu.

Being supported by Ay, it has the form > a;[A;], where {A;} are the ir-
reducible components of Ay and «; > 0 are the intersection multiplicities
of Zs,...,Zy, along A; (proof by induction). As is known in intersection
theory, these are precisely the multiplicities of the mapping f. ([l

5 Evaluation of residual Monge-Ampeére
masses

Computing Lelong numbers of psh functions is a relatively easy task, while
computation of the Lelong numbers for the Monge-Ampere currents (dd®u)™,
m > 1, is much more complicated. Even for u = log|f| for holomorphic
mappings f (i.e, for computing multiplicities of the mappings), no general
explicit formulas are available, and we have to restrict ourselves to certain
bounds that might become equalities in ’generic’ situations.

No upper bound of v((dd°u)™,x) in terms of v(u,z) is possible. Nev-
ertheless, it seems to be unknown if there exists a psh function with zero
Lelong number and nonzero residual Monge-Ampere mass.

As to estimates from below, a standard bound (following from Demailly’s
comparison theorem) is

v((ddu)™, x) = [v(u, z)]"™,

which is far from being an equality unless u(z) is essentially clog |z—z|. More
precise relations can be obtained by means of more refined characteristics of
local behaviour of a function, e.g., directional Lelong numbers. This way we
get, in particular, relations for the multiplicities of the mappings in terms of
their Newton polyhedra.

This part is based on | ] and [R00]. For a nice presentation of the real
Monge-Ampere operator, see [ ].  Kushnirenko-Bernstein’s theorems
are presented in | I, [ .

5.1 Reduction to local indicators

We will set here x = 0 and consider the classical Lelong numbers of the
Monge-Ampere currents (ddu)™ and the mixed Monge-Ampere currents
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dd®uy A ... A dd°ug at 0. A basic tool will be again Demailly’s comparison
theorem, which implies the following: assuming the Monge-Ampeére currents
dd°ui A\ ... Ndd°uy and ddvy A ... A ddv, well defined, 2 < q <mn, let

lim sup we(2) =l <00, 1 <k<yg
=0 Uk(2)

then
v(dduy A ... ANddug,0) < ly...lv(ddvy A ... A ddvg, 0). (5.1.1)
Since ug(z) < v(ug, 0)log|z| + O(1), this gives us
v(dd®uy A ... Addug, 0) < v(ug,0)...v(ug,0). (5.1.2)

For a more precise bound, choose vy = V,,, the indicators of u; at 0.
Recall that the indicator ¥, of u € PSHjy is a toric psh function in the unit
polydisk, defined as

U, (2) ==, (log |z, ..., log |z]),

where ¥,(s) = —v(u,0,—s), s € R", and v(u,0,a) are directional Lelong
numbers.
Since u < ¥, + C near the origin, (5.1.1) implies

Theorem 5.1.1 If ddu; A ... A dd°u, is well defined near the origin, then
v(dduy A ... Nddug,0) > v(dd°V,, A...AddV,, ,0).

For u € L2 (Q\ {0}), the operator (dd°u)" is well defined, and the value

loc
Ry :=v((ddu)",0)

is the residual measure of (dd°u)™ at 0. In this situation, ¥, is a maximal

psh function on D™\ {0} and so, by Theorem 2.3.1, (dd“¥,)" = 0 on D\ {0}.
Therefore,
(dd°¥,)" = N, g
with
Nu = R\Ifua
the Newton number of u at 0 (the reason for using the name will be clarified
soon).
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Corollary 5.1.2 Ifu € PSH(Q2) N L2.(2\ {0}), then R, > N,.

More generally, let {u} be an n—tuple of psh functions uy,...,u, in .
If the Monge-Ampére current dd®uy A ... A ddu, is well defined near 0, then
its residual Monge-Ampere mass

R{u} = (ddcul VANPIIAN ddcun)(())

has the bound
Riuy 2 Niuy,

where

N{u} = R{\pu} = (ddC\I’ul VANPIRAN ddc\lfun)(()).
To make all this reasonable, one has to look for good bounds for the

Newton numbers.

5.2 Geometric interpretation: volumes

More sharp bounds can be obtained by precise calculation of the Monge-
Ampere masses of the indicators. This can be done by switching to the real
Monge-Ampere operator.

Definition 5.2.1 Let U be a toric psh function in the unit polydisk D", i.e.,
U(z) =U(|z1], ..., |za]) € PSH(D™). Then the function

h(t) := U(exp(ty),...,exp(t,)), te€R",
is convex in ¢t and increasing in each t;. We call it the conver image of U.
Assume, in addition, u € L*>°(D™). By elementary computations,
(dd°U)" = nl(2m) " MAg[h| df, =z, = exp{t; + i0;},

where M Ay is the real Monge-Ampére operator*. For h smooth,

0?h
MAg[h] = det | ——— | dt,
| (atjatk>
and it extends, as a measure-valued operator, to all convex functions h.
Furthermore,

MAg[B](F) = Vol(Gy(F)) (5.2.3)

4For a thorough treatment of the real Monge-Ampere operator, see | ].
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for Borel sets FF CC R", where
Gu(F) = |J{a e R": h(t) > h(t°) + (a,t — t°) Vt € R"}
teF

is the gradient image of F for the surface & = h(t).

The terminology and the proof come from the smooth situation where
MARIh] equals the Jacobian determinant Jg;, for the gradient mapping Vh,
Gr(F) = Vh(F), and the equation (5.2.3) is just the coordinate change
formula.

So, for any Borel, n-circled (toric, Reinhardt) set E CC D™ and its loga-
rithmic image

log E ={t € R" : (expty,...,expt,) € E},

we have

(dd°U)™(E) = n! Vol Gj,(log E).

Definition 5.2.2 U € PSH_(D") is an (abstract) indicator if ¥ is a toric
function whose convex image 1 (t) := V(exp(ty),...,exp(t,)) is positive ho-
mogeneous: ¥ (ct) = cip(t) for all ¢ > 0.

In other words, v is the restriction to R” of the support function of a
convex subset of R’} :

W(t) =sup{{a,t) :a €y}, t € R",

where
'y ={a €RY} :(a,t) <Y(t) Vt € R" }. (5.2.4)

Denote U = max{V, —1} with ¥ an indicator. Then the current (dd°U)™
is supported by the set Fy = {z: ¥(z) = —1}, and

Furthermore, if ¥ € L2 (D" \ {0}), then
(dd°U)"(D") = (dd“¥)"(D") = Ry.
For any convex and complete subset I of R? (i.e., I' + R} C I'), we put
Covol(I') = Vol(R", \ T),

the covolume of I'. So we get
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Proposition 5.2.3 The MA-mass of an indicator ¥ € LS. (D" \ {0}) is

loc

Ry = n!Covol(I'y),
where 'y is defined in (5.2.4).
When ¥ = ¥, the set
'y =T, :={aeR} :v(u,0,a) < (a,b) Vb € R} }. (5.2.5)
Thus Corollary 5.1.2 gives us

Theorem 5.2.4 If u has isolated singularity at 0, then

R. > N, = n!Covol(T',). (5.2.6)

To compute the mass of the corresponding mixed Monge-Ampere opera-
tors of indicators, we consider a (unique) form Covol (T'y, ..., T',) on n-tuples
of complete convex subsets I'y,...,I", of R} which is multilinear with re-
spect to Minkowsky’s addition and such that for every convex complete I'
with finite covolume we have Covol (I',...,T') = CovolI". The form can be
shown to be well defined on all n-tuples I';, ..., I", such that U;I"; has finite
covolume.

Theorem 5.2.5 Let {u} = uy,...,u,. If dduy A ... A u, is well defined,
then
R{u} Z n! COVOI(FUI, N ,Fun).

Note that if v = log|z|, then I'y, = A® := {a € R} : Y, ar > 1},
the complement to the standard simplex. Therefore, for {u} = uy,..., u,,
1 < ¢ < n, with the Monge-Ampere current ddu; A ... A dd“u, well defined,
we have the bound

Ry = n!Covol(Ty,, ... Ty, A . A%).
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5.3 Applications to holomorphic mappings: Newton
polyhedra

For a function v = log | f| generated by a holomorphic mapping f : C§ — C{
(¢ > n) with isolated zero, the residual Monge-Ampere mass R, of (ddu)"
at 0 is the multiplicity my of f at the origin.

When ¢ = n and the zero sets of the components of f are properly
intersected, inequality (5.1.2) gives us the bound

n

mmefl...mf

via the multiplicities of the components of the mapping f, which is a local
variant of Bezout’s theorem.

As we saw in (1.6.12), the indicator of u = log|f| for a holomorphic
mapping f computes as

W, (2) = sup {log|z’|: J € wo},

where wy C Z is the collection of multi-indices J such that 2’ has nonzero
coefficient in the Taylor expansion of at least one component of f. Therefore,
its convex image v, has the representation

Yo (t) = sup{{t,J) : J € wp}.

This means that the set I', (5.2.5) is the convex hull I'; of the set wy, and
I't is known as the Newton polyhedron for the mapping f at 0. Therefore, a
particular case of Theorem 5.2.4 recovers the bound

my > n! Covol(I'y)

obtained for ¢ = n by Kushhnirenko (1975) by means of analytic and alge-
braic techniques. The corresponding specification of Theorem 5.2.5 gives a
Kushnirenko-Bernstein’s type result.

Note that for holomorphic mappings f to C?, ¢ < n, with the zero set of
codimension ¢, Theorem 5.2.5 gives the bound

my > n! Covol(Ty,, ..., I\, A% ... A%,

where u; = log|f;|, the sets I',, are the Newton polyhedra of the functions
fiat0,and A°={a e R} : Y, ar > 1}.

So, methods of pluripotential theory are quite powerful to produce, in
a simple and unified way, efficient bounds for multiplicities of holomorphic
mappings.
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6 Open questions

Here we list just a few problems on psh singularities.

If uw € PSH, has isolated singularity, then (dd°u)™(z) > [v(u,z)]", while
no reverse bound is possible. Indeed, take u = max{klog |z1]|,log|22|}, k > 0,
then v(u,0) = 1 while (dd“u)™(0) = k.

Question 1 (Zero Lelong Number Problem; V. Guedj, A. Rashkovskii, 1999):
Is the implication

(P1) viu,x) =0 = (ddu)"(x) =0

true whenever (dd“u)™ is well defined (for example, if u is locally bounded

outside x)? (This is Question 7 from | ])
This is true (by Demailly’s comparison theorem) if u has the lower bound
u(z) > clog|z — x|+ O(1) (6.0.1)

for some ¢ > 0. By the Lojasiewicz inequality, any holomorphic mapping f
with isolated zero at = satisfies

[f) = [z =l

for some v > 0, so psh functions with analytic singularities satisfy (6.0.1).
It can be shown that if u is locally bounded outside z, there exists a
function v which is locally bounded and maximal outside x and such that

v(v,z) = v(u,x), (ddv)"(z) = (dd°u)™(x).

Question 2: Does there exist v € PSH(Q2)NL{e,
and such that
lim sup wz) oo?

2se log |z — x| N

(Q\{z}), maximal in Q\ {z}

Question 1 may be approached by approximating u by functions wu,, with
analytic singularities (Demailly’s approximation, Theorem 4.3.2) for which
(P1) is true. It is known that v(u,,,z) — v(u,x), however it is not clear if
their residual Monge-Ampere at x converge to that of w.

Question 3 (Demailly): Is it true that (dd°u,,)"(z) — (dd°u)"(z)?

More information on these questions can be found in [R16]. Other open
problems on psh singularities and related topics (including quasi-psh func-
tions) are presented in | ]
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